
GANTMACHER EXAMPLE

1. The Matrix

In Theory of Matrices, vol. II, Gantmacher constructs a nilpotent complex
symmetric matrix, C = A+ iB, where A and B are zero except

ak,k+1 = ak+1,k = 1,(1)

bn−k,k = −bn−k+1,k+1 = 1,(2)

for k = 1, . . . , n− 1.

1.1. The Almost Principal Vectors.

xk = ek − ien−k+1.,(3)

for k = 1, . . . , n. Note that

xn−k+1 = en−k+1 − ien−(n−k+1)+1 =, en−k+1 − iek

= ix̄k(4)

Although the xk are not orthogonal,

x̄Tk xj = 2(δkj − iδk,n−j+1).(5)

However, they are almost principal vectors since Cx1 = 0, and for k = 2, . . . , n−1

Cxk = Cek − iCen−k+1,

= Aek + iBek − i(Aen−k+1 + iBen−k+1),

= Aek + iBek − iAen−k+1 +Ben−k+1),

= ek−1 + ek+1 + iBek − i(en−k + en−k+2) +Ben−k+1,

= ek−1 + ek+1 + i(en−k − en−k+2) − i(en−k + en−k+2) + ek−1 − ek+1,

= 2ek−1 + i(en−k − en−k+2) − i(en−k−1 + en−k+1),

= 2(ek−1 + ien−k+2) = 2xk−1,(6)

1.2. The Field of Values. DefineX as the matrix whose columns are (x1, . . . , xn),
and z = Xy,

z∗Cz = y∗XTCXy

= y∗XTCXy

= y∗Hy,(7)

(8)
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where H = XTCX, the first column of H is zero, and from (5)

hkj = x∗kxj−1,

= x̄kxj−1 = 2(δk,j−1 − iδk,n−j+2)(9)


