GANTMACHER EXAMPLE

1. THE MATRIX

In Theory of Matrices, vol. II, Gantmacher constructs a nilpotent complex
symmetric matrix, C' = A + B, where A and B are zero except

(1) k1 = A1k = 1,

(2) bk = —bnktihr1 =1,
fork=1,...,n—1.

1.1. The Almost Principal Vectors.

(3) L — € — ien_k+1.,
for k=1,...,n. Note that

Tnktl = €nkil — n—(n—kt1)+1 = En—kt1 — L€k
(4) = 1T
Although the z; are not orthogonal,
() Ty = 2(0k; — Ok n-ji1).
However, they are almost principal vectors since Cxy =0, and for k =2,... ., n—1
Cz, = Cep—1Cep g,

= Aey +iBe, —i(Aey g1 +iBey 1),

= Aek + ’lB@k — ’iA@n,k+1 + Ben,kJrl),

= ep—1 + epy1 T iBey —i(enp + en—py2) + Bep_pi1,

= ep_1+ e T i(enp — €n—py2) — i(€np + €n_pr2) + €x1 — €kt1,

= 2ep_1 +i(en—r — €n—r2) —i(€n_k—1+ €nri1),

(6) = 2(ex-1 +ien_rt2) = 2741,
1.2. The Field of Values. Define X as the matrix whose columns are (z1, ..., z,),
and z = Xy,
7Cz = y'XTCXy
= ' XTCXy
(7) = y'Hy,

(8)
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where H = XTCX, the first column of H is zero, and from (5)
hkj = ZE}:ZE]‘_l,

9) = Tprj1 = 2(0k -1 — 0k nji2)



